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Abstract
We study, in the presence of an external electrostatic field, the interatomic interaction between
two ground-state atoms coupled with vacuum electromagnetic fluctuations within the dipole cou-
pling approximation based on the perturbation theory. We show that, up to the fourth order,
the electrostatic-field-induced interatomic interaction is just the classical dipole-dipole interaction,
which disagrees with the recent result from Fiscelli et al. [G. Fiscelli et al., Phys. Rev. Lett. 124,
013604 (2020)]. However, to higher orders, there exist external-field-related quantum corrections
to the induced classical electrostatic dipole-dipole interaction. In the sixth order, the external field
effectively modifies the atomic polarizability to give rise to a two-photon-exchange quantum cor-
rection, while in the eighth order, the external field enables an additional process of three-photon
exchange which is not allowed in the absence of the external field, and this process generates an
r
−11 term in the interaction potential in the far regime, where r is the interatomic separation. Nu-
merical estimations show that these external-field-related quantum corrections are much smaller
than the two-photon-exchange Casimir-Polder interaction.
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I. INTRODUCTION
In a quantum sense, there inevitably exist quantum vacuum fluctuations, which may
induce some novel effects that do not exist in classical physics. A typical example is the
Casimir-Polder (CP) interaction [1]. In general, fluctuating electromagnetic fields in vacuum
induce instantaneous electric dipole moments in neutral atoms and molecules, which then
interact with each other via the exchange of virtual photons. Such effects have been widely
applied in various areas, e.g., in material science, chemistry, and biology (see Ref. [2] for
a recent review). Moreover, the measurement of the atom-surface and surface-surface CP
interactions has already been accomplished [3–6]. However, the interatomic CP interaction
is so weak that it has not yet been measured.
It has been shown that the interatomic CP interaction can be significantly modified by
externally applied electromagnetic waves [7–14]. Compared to the interatomic CP inter-
action, which originates purely from the electromagnetic vacuum fluctuations, the physical
process resulting in the leading interatomic interaction in the presence of external electro-
magnetic waves occurs differently. In the latter case, the externally applied electromagnetic
waves induce dipole moments in atoms, which are then correlated to each other through the
electromagnetic vacuum fluctuations. That is, a real photon is scattered by a pair of atoms
which are coupled via the exchange of a virtual photon, and the interaction energy is thus
modified. Such a modified CP interaction, which is actually a fourth-order effect, has been
shown to behave as r−3 in the near regime and r−2 or r−1 in the far regime depending on
the propagating direction of the external electromagnetic field with respect to the alignment
of the atoms, where r is the interatomic distance [7]. Moreover, this result reduces to the
classical dipole-dipole interaction, which behaves as r−3 in all distance regimes, when the
frequency of the external electromagnetic field tends to zero. Naturally, one may wonder
what the interatomic interaction will be in the presence of externally applied electrostatic
fields.
First of all, external electrostatic fields will induce electric dipole moments in atoms
and so a classical dipole-dipole interaction will result. However, to higher orders, there
exist quantum corrections that arise from modified vacuum field fluctuations due to the
presence of the external fields. In fact, the interaction between two atoms or molecules
in the presence of an electrostatic field has been studied by Mackrodt [15]. It has been
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shown that, in the fourth order, the interatomic interaction contains two parts: One is the
classical dipole-dipole interaction induced by the electrostatic field, which behaves as r−3
in all distance regimes and can be obtained directly through the fourth-order perturbation
theory with the assistance of 24 one-photon-exchange time-ordered diagrams, while the
other is the well-known two-photon-exchange CP interaction induced purely by vacuum
fluctuations. Recently, this question was revisited by Fiscelli et al. in Ref. [16] in a different
approach, wherein the authors first obtained the dressed atomic states in the electrostatic
field and then calculated the second-order energy correction between dressed atoms due to
the coupling with the fluctuating electromagnetic fields. They found that, in the fourth
order, the interatomic interaction from one-photon exchange can generate a novel r−4 term
in the far zone. That is, there are different answers to the question of whether the induced
classical electrostatic dipole-dipole interaction can be corrected by electromagnetic vacuum
fluctuations or, in other words, whether external-field-related quantum corrections to the
classical electrostatic dipole-dipole interaction exist besides those originating purely from
quantum vacuum fluctuations.
In this paper we consider, in the presence of an external electrostatic field, the interatomic
interaction in the fourth, sixth and eighth orders within the dipole coupling approximation,
based on the perturbation method utilized in Ref. [16]. First, we give a formal analysis of
the interaction between two ground-state atoms in the presence of an electrostatic field. As
we will show in detail, in the fourth order, the external electrostatic field merely induces a
classical dipole-dipole interaction between the two atoms and does not generate an r−4 term
in the far zone, contrary to the recent claim in Ref. [16]. In the sixth order, the external
electrostatic field effectively modifies the atomic polarizability to affect the two-photon-
exchange interatomic CP interaction, which can be considered as one kind of external-field-
related quantum correction to the classical dipole-dipole interaction, while in the eighth
order, the external field enables an additional three-photon exchange which does not occur
between two ground-state atoms in vacuum, which is another kind of external-field-related
quantum correction. Second, as a specific example, we apply our analysis to the case of
two ground-state hydrogen atoms and show concretely what the electrostatic-field-related
quantum corrections of the induced classical dipole-dipole interaction are and whether such
corrections may be detectable in the foreseeable future. Throughout this paper, the Einstein
summation convention for repeated indices is assumed and the Latin indices run from 1 to
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3.
II. INTERATOMIC INTERACTION IN THE PRESENCE OF AN ELECTRO-
STATIC FIELD
We now consider the interatomic interaction between two neutral atoms (A andB) in their
ground states in the presence of an electrostatic field based on the perturbation method.
Since our concern is the interatomic interaction related to the electrostatic field, we first
obtain the atomic states dressed by the external electrostatic field to the second order
and then calculate the second-order, fourth-order, and sixth-order energy corrections of the
dressed ground state, due to the interaction with the fluctuating transverse fields.
The total Hamiltonian of the system considered is given by
H = HF +HS + VS +HI , (1)
where HF and HS are the Hamiltonians of the fluctuating vacuum electromagnetic fields
and the atoms, respectively, and VS and HI are respectively the interaction Hamiltonians of
the atoms with the external electric field and the fluctuating vacuum electromagnetic fields,
which, in the multipolar coupling scheme and within the dipole approximation, take the
form
VS = −dAi εi(~xA)− dBi εi(~xB), (2)
HI = −ǫ−10 dAi Ei(~xA)− ǫ−10 dBi Ei(~xB). (3)
Here dσi is the component of the dipole moment of atom σ, ǫ0 is the vacuum permittivity,
εi(~x) represents the external electrostatic field, and Ei(~x) is the transverse displacement field,












where V is the quantization volume, aλ(~k) and a†λ(~k) are respectively the annihilation and
creation operators of the electromagnetic vacuum field with wave vector ~k and polarization
λ, and eλi are polarization unit vectors.
We label the unperturbed energy eigenvalues of the ground and excited states as E0 and
En (n = 1, 2, 3, ...), respectively, with the corresponding eigenstates being |e0〉 and |en〉.
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In the presence of an electrostatic field, the states of neutral atoms are modified due to
the interaction between the induced permanent dipole moments and the electrostatic field.
Formally, we denote the corrected atomic state by |êγ〉, which can be given by the second-










































where α, β, γ = 0, 1, 2, 3, ..., Eγα = Eγ − Eα, and d̂αβi = 〈eα|di|eβ〉. Note here that a neutral
atom becomes a polar one in the presence of the electrostatic field.
First, we calculate the interaction due to the exchange of a single virtual photon between
the two atoms dressed by the electrostatic field, i.e., the fourth-order effect. Let us note
that the one-photon exchange is only possible for dressed atoms since the dressed atoms are
in a superposition of the ground state and excited states [see Eq. (5)], while the undressed
ones are in the energy eigenstates, and the average value of the induced dipole moment over
dressed atomic states is nonzero, while it is zero over undressed atomic states. Based on the







where |ψ〉 = |êA0 〉|êB0 〉|0〉 is the corrected initial state of the system, with |0〉 the electro-
magnetic vacuum state, |I〉 = |êA0 〉|êB0 〉|1~k,λ〉 is the virtual intermediate state, and EI is the














where ~r = ~xA − ~xB and d̂σi = 〈êσ0 |dσi |êσ0 〉 is the induced permanent dipole moment in atom



















(δij − 3r̂ir̂j), (8)
where r̂i is the ith component of the unit vector ~r/r. That is, in the fourth-order, the
electrostatic-field-induced interatomic interaction is just the r−3 classical dipole-dipole in-
teraction which applies in all distance regimes. Notice that here the result is obtained by a
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second-order calculation of two atoms dressed by an electrostatic field to the second order,
which is in agreement with an early result between two undressed atoms obtained by a
fourth-order calculation [15]. Moreover, our result is also in agreement with the interatomic
interaction in the presence of external electromagnetic waves [7, 9] when the wave frequency
is so small that the field is effectively static and with the electrostatic interaction between
two atomic dipole moments induced by an external static field in a cavity [19] when the
thickness of the cavity tends to infinity. However, the above result does not agree with that
in Ref. [16]. In Ref. [16] the ground state was corrected to the second order while the
excited state was only corrected to the zeroth order, so the corrected excited states used
in Ref. [16] were not orthogonal to the corrected ground state (under the second order).
Then a nonzero incorrect r−4 term in the far regime was obtained since the authors chose
the excited states corrected to the zeroth order as the intermediate states. Actually, the
contributing term is not relevant to the corrected excited states if the excited states are
also corrected to the second order, due to the fact that they are orthogonal to the corrected
ground state in this circumstance.
Second, we examine the interaction between the two dressed atoms due to two-photon
exchange. For simplicity, we consider only the far-zone behavior of the dipole-dipole interac-
tion potential. In the far zone, the computation relates to only four time-ordered diagrams














×(δil − k̂ik̂l)(δjm − k̂′jk̂′m)αAij(0)αBlm(0). (9)













where the index 0 represents the corrected ground state |ê0〉 and the index s represents
the corrected excited state |ês〉. Replacing the summation in Eq. (9) by integration and




































−15αA31(0)αB31(0)− 15αA23(0)αB23(0)− 15αA32(0)αB32(0). (13)
The above result (12) is formally the same as the interatomic CP interaction between un-
dressed atoms, while the atomic polarizability is now modified by the applied electrostatic
field, i.e., the elements of the dipole transition matrix in Eq. (10) are related to the dressed
atomic states. That is, in the sixth order, the external-field-related quantum correction to
the classical dipole-dipole interaction takes the same form as the CP interaction but the
atomic polarizability is effectively dressed by the external electrostatic field. Note here that
the above result (12) is in fact the far-zone counterpart of the near-zone London interaction
between a pair of undressed molecules in an electrostatic field studied in Ref. [15], which is
not the complete sixth-order potential. In a complete sixth-order calculation of the interac-
tion energy shift between two undressed molecules [15], there also exist terms corresponding
to a vacuum-fluctuation-induced modification of the two-photon-exchange CP interaction,
i.e., an effective dressing of the atomic polarizability by vacuum fluctuations. We leave an
order-of-magnitude estimation of such an effect to Sec. III, since here our main concern is
the interatomic interaction relevant to the external electrostatic field.
Third, we study the interaction due to the three-photon exchange between the two dressed
atoms. This is particularly interesting since the three-photon exchange is not allowed without
the presence of an external electrostatic field for a reason we will explain later. A complete
calculation of the three-photon-exchange interatomic interaction involves 360 time-ordered
diagrams. However, in the far-zone limit, the leading term relates only to 12 time-ordered
















× (δil − k̂ik̂l)(δjm − k̂′jk̂′m)(δkn − k̂′′k k̂′′n)
× e
i(~k+~k′+~k′′)·~r













































where the index 0 represents the corrected ground state |ê0〉, while the indices t and s
represent the corrected excited state |êt〉 and |ês〉, respectively. Replacing the summation in
Eq. (14) by a spherical coordinate integral and performing the integral with the help of the
integral representation
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The above result (17) shows that the interatomic interaction potential between the two
dressed atoms due to the exchange of three virtual photons behaves as r−11 in the far zone,
which is another kind of quantum correction to the classical electrostatic dipole-dipole in-
teraction. In fact, the three-photon-exchange process is not possible for undressed atoms
within the dipole coupling approximation, since the undressed atoms are in their energy
eigenstates. According to the dipole transition rule, the hyperpolarizability (15) for un-
dressed atoms must be zero since the three dipole transition matrix elements in the prod-
ucts in Eq. (15) cannot be nonzero at the same time. That is, the undressed atoms cannot
return to the initial state as required by the perturbation approach after an exchange of
odd virtual photons, since the angular momentum quantum number must be changed due
to the dipole transition rule. However, there is no such problem for dressed atoms, since the
dressed atoms are in a superposition of the ground state and excited states [see Eq. (5)].
Therefore, the possible electrostatic-field-related quantum corrections to the induced clas-
sical dipole-dipole interaction between two ground-state atoms can be classified into two
categories: (i) corrections arising from the exchange of even virtual photons, in which the
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atomic polarizability is effectively modified by the external fields, and (ii) corrections aris-
ing from the exchange of odd virtual photons enabled by electrostatic fields, which do not
occur within the dipole coupling approximation in the absence of an external electrostatic
field. Note that the atomic polarizability can also be modified by electromagnetic vacuum
fluctuations [22–28]. Since our main concern here is the interatomic interaction relevant to
the external electrostatic field, an order-of-magnitude estimation of such an effect is left to
Sec. III.
III. INTERACTION BETWEEN GROUND-STATE HYDROGEN ATOMS IN AN
ELECTROSTATIC FIELD
Now we take hydrogen atoms as an example to show the electrostatic-field-related quan-
tum corrections of the induced classical dipole-dipole interaction. The unperturbed ground
state of the total system is
|φA100〉|φB100〉|0〉, (19)
where |φnlm〉 is the atomic state with quantum numbers n, l, and m and energy En, and
|0〉 is the electromagnetic vacuum state. For simplicity, we assume that the direction of
the external electrostatic field is along the z axis, i.e., εi(~xσ) = (0, 0, εσ), and consider the
contributions from intermediate states with n = 2 only. For atom A (or B), the corrected














where γ = 29qa0/3
6E1 with q the electric charge and a0 the Bohr radius, and E2 = E1/4 has
been applied. Then the second-order ground state of the system (eigenstate of HF+HS+VS)
is given by
|ψ〉 = |ψA1 〉|ψB1 〉|0〉. (21)
To calculate the interaction energy in the presence of the external electrostatic field, we need
to find all possible intermediate states. For this purpose, we should first find the corrected
excited states of the atoms in the presence of the electrostatic field to the second order. For
a hydrogen atom, the unperturbed fourfold-degenerate excited state (n = 2) is divided into
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three energy levels (one degenerate and two nondegenerate) in the presence of an external
electrostatic field, i.e., the Stark effect. Therefore, the second-order correction of the two
nondegenerate levels can be approximately obtained by nondegenerate-state perturbation
theory. For atom A (or B), the corrected excited states can be obtained as (consider only







































Obviously, the corrected excited states (22) and (23) are orthogonal to the ground state (20)
(in the second order, which is proportional to q2), i.e., 〈ψσ21|ψσ1 〉 = 〈ψσ22|ψσ1 〉 can be taken
as zero in the calculations. This is also required because the new eigenstates (ground or
excited) of the atoms in the presence of an electrostatic field should still be orthogonal.
Now we show the electrostatic-field-related quantum corrections to the induced classical
dipole-dipole interaction between two ground-state atoms. First, we consider the correction
related to the process of two-photon exchange between two dressed hydrogen atoms, wherein
the atomic polarizability is effectively modified by the electrostatic field. Although the
interaction energy shift (12) is relative to all components of the polarizability tensor, the
nonvanishing modification part is only in α33(0) since the external electric field is assumed













The first term is the undressed polarizability and the second term is the polarizability
modified by the electrostatic field ε. The interaction potential relevant to the electrostatic





















Thus, in the sixth order, the electrostatic-field-related quantum correction to the induced













Now we compare numerically the external-field-related quantum correction with respect to
the unperturbed CP potential between two ground-state atoms due to the exchange of two
virtual photons in vacuum [1]. Here we consider only the contributions from n = 1 and
2 and assume that the atoms are isotropically polarizable, i.e., αij = α δij . Then the CP





















Taking εA = εB ≃ 108 V/m, which is within the applicable range of the perturbation theory
and can be reached in the laboratory [29, 30], and r = 10−6 m, which is larger than the
transition wavelength (∼ 10−8 m), the relative magnitude of the corrected term with respect












B) ≃ 10−6. (29)
That is, the electrostatic-field-related quantum correction in the sixth order is smaller than
the unperturbed two-photon-exchange CP interaction. This is expected because the former
is a sixth-order effect while the latter is a fourth-order effect.
Second, we calculate the quantum correction to the classical electrostatic dipole-dipole
interaction related to the process of three-photon exchange between two dressed hydrogen
atoms. According to Eqs. (20), (22) and (23), it is easy to obtain the nonvanishing compo-















This term is absent without the electrostatic field since the exchange of three virtual photons
between two ground-state hydrogen atoms is forbidden in the absence of an electrostatic
field. Taking r = 10−6 m and εA = εB ≃ 108 V/m, the relative magnitude of this interaction













εAεB ≃ 10−20. (32)
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That is, the electrostatic-field-enabled three-photon-exchange interatomic interaction is
much smaller than the unperturbed two-photon-exchange CP interaction, which suggests
that an experimental observation of such an effect seems to be a hope for the distant future.
Finally, we note that, apart from the electrostatic-field-related quantum correction to the
induced classical dipole-dipole interaction between two ground-state atoms we considered
here, there are other terms in the complete result of the interatomic interaction. Now we
would like to make an order-of-magnitude estimation of these terms and compare them with
the quantum corrections of the classical electrostatic dipole-dipole interaction given in Eqs.
(26) and (31).
(i) As mentioned in Sec. II, in the sixth order, the two-photon-exchange CP interac-
tion can also be modified by vacuum fluctuations, which is relevant to the self-interaction
processes and can be regarded as causing an effective modification of the denominators of
the atomic polarizability due to the vacuum-induced energy shift [22–28]. As an order-of-
magnitude estimation, we write the vacuum-modified atomic polarizability in analogy to the












Here h̄δωL is the vacuum-induced Lamb shift, which plays a role similar to that of the
electrostatic-field-induced Stark shift (∼ qa0ε). Then the leading modification of the two-















The ratio of the result (34) to the sixth-order quantum correction to the classical electrostatic












As a numerical estimation, we take the Lamb shift h̄δωL to be of the order of ∼ 10−6 eV,
i.e., the energy difference between 22S1/2 and 2





AB , it is required that
ε≫ h̄δωL
qa0
≃ 104 V/m. (36)
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That is, when the external electrostatic field is much larger than 104 V/m, the Stark shift
is much larger than the Lamb shift and the electrostatic-field-related quantum correction
(sixth order) to the classical electrostatic dipole-dipole interaction is much larger than the
modification of the two-photon-exchange CP interaction by vacuum fluctuations (sixth or-
der).
(ii) As discussed in Sec. II, the electrostatic field enables a process of three-photon
exchange for neutral atoms within the dipole coupling approximation. However, when the
quadrupole coupling is taken into account, the three-photon-exchange processes may also
occur without the presence of an external electrostatic field, which is related to the processes
of one quadrupole and two dipole transitions, and the corresponding interaction potential








Since it scales as r−13, it is usually smaller than the electrostatic-field-enabled three-photon-
exchange interatomic interaction ∆E
(8)
AB in the far region.
(iii) Another point of consideration is the higher-order far-zone expansion of the two-
photon-exchange CP interaction. In fact, it is well known that the r−7 CP potential is the
leading term of the complete two-photon-exchange interatomic CP potential in the far zone,














(u4r4 + 2u3r3 + 5u2r2 + 6ur + 3)du, (38)
where kA(B) = ωA(B)/c. For identical atoms (kA = kB), after some algebra, we obtain the
















This shows that there exist terms scaling as r−9 and r−11 in the far-zone expansion (labeled
as ∆1ECP and ∆2ECP, respectively). Since the electrostatic-field-enabled three-photon-
exchange interatomic interaction ∆E
(8)
AB behaves as r
−11, it is much smaller than the r−9
term in Eq. (39) in the far region, i.e., ∆E
(8)
AB ≪ ∆1ECP. Moreover, the relative order of
magnitude between the r−11 term (i.e., ∆2ECP) in Eq. (39) and ∆E
(8)













where λ = k−1A is the transition wavelength. A numerical estimation shows that the
electrostatic-field-enabled three-photon-exchange interaction ∆E
(8)
AB is smaller than ∆2ECP
for realistic values of the electrostatic field. This is understandable since the former is an
eighth-order effect while the latter is the fourth-order effect.
IV. SUMMARY
In this paper we investigated the interatomic interaction between two ground-state atoms
in the presence of an external electrostatic field within the dipole coupling approximation.
Based on the perturbation method, we demonstrated that, in the fourth order, the external
electrostatic field only induces a classical dipole-dipole interaction between the two atoms,
in contrast to a recent claim in Ref. [16], while in higher orders, such a classical effect can
be corrected by two kinds of mechanisms. In the sixth order, the external field effectively
modifies the atomic polarizability to give rise to a two-photon-exchange quantum correction,
while in the eighth order, the external field enables an additional process of three-photon
exchange which is not allowed in the absence of the external field, and this process generates
an r−11 term in the interaction potential in the far regime. Numerical estimations showed
that these external-field-related quantum corrections are much smaller than the two-photon-
exchange Casimir-Polder interaction.
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